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Abstract
We (numerically) construct new static, asymptotically AdS solutions
where the conformal infinity is the product of time and S2 × S1. There
always exist a family of solutions in which the S1 is not contractible and,
for small S1, there are two additional families of solutions in which the
S1 smoothly pinches off. This shows that (when fermions are antiperiodic
around the S1) there is a quantum phase transition in the gauge theory as
one decreases the radius of the S1 relative to the S2. We also compare the
masses of our solutions and argue that the one with lowest mass should mini-
mize the energy among all solutions with conformal boundary S2×S1×R.
This provides a new positive energy conjecture for asymptotically locally
AdS metrics. A simple analytic continuation produces AdS black holes with
topology S2 × S1.
1 Introduction
There has been extensive work exploring the consequences of the AdS/CFT corre-
spondence. The most familiar case is the duality between four dimensionalN = 4
super-Yang-Mills and Type IIB string theory on spacetimes which asymptotically
approach AdS5 × S5. It is sometimes assumed that the dual description of the
vacuum state is given by just taking the bulk metric to be AdS5× S5 everywhere.
However, this is only true if the gauge theory is on S3 or R3. If instead, we con-
sider the gauge theory on S1 × R2 or T 3 and require fermions to be antiperiodic
around a circle, there is a lower energy solution called the AdS soliton [1, 2]. The
fact that this solution has less energy than periodically identified AdS5 can be
related to the existence of negative Casimir energy in the dual field theory.
In this paper we consider the dual description of the vacuum state of the gauge
theory on S2×S1. Since the SO(6) symmetry of the scalars is unaffected, the bulk
geometry should be the product of S5 and a five dimensional solution to Einstein’s
equation with negative cosmological constant. There is no way to periodically
identify AdS5 to obtain a conformal boundary which is S2 × S1 × R, so we
must construct a nontrivial solution. We numerically construct a family of static
solutions with the right asymptotic behavior. Properties of these solutions depend
on the ratio of the radius of the S1 to the radius of the S2. When this ratio is
large there is a unique static solution with topology R4 × S1. When it is small,
there are three different solutions with the same conformal infinity. In addition to
the solution with topology R4 × S1, there are two solutions in which the circle
smoothly pinches off, producing a space with topology R3 × S2. Since the S1
is contractible, there is a unique spin structure for fermions and they must be
antiperiodic. This shows that there is a quantum phase transition in the strongly
coupled gauge theory as one shrinks the size of the circle.
Our results are similar to what has been found for gauge theories on Sn at
finite temperature [2].1 This is described by a Euclidean functional integral on
Sn × S1 where the S1 is now Euclidean time. At low temperatures, correspond-
ing to large S1, there is a single bulk solution representing a gas of particles in
AdS. At high temperatures, there are two additional solutions corresponding to
1There is an extensive literature on analogous phase transitions for gauge theories on tori. See,
e.g., [3, 4] and references therein.
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the analytic continuation of large and small black holes. However, even though
our results are similar, there is a crucial difference. We are considering the zero
temperature ground state of Lorentzian gauge theories on S2 × S1. Our bulk
geometries are globally static and Lorentzian. If we wanted to investigate these
theories at finite temperature, we would have to consider Euclidean solutions with
asymptotic geometry S2 × S1 × S1.
In addition to providing insight into strongly coupled gauge theories, there is
another motivation for this work. In asymptotically flat spacetimes with standard
Kaluza-Klein boundary conditions, there are vacuum solutions with arbitrarily
negative energy [5, 6]. These solutions are sometimes called Kaluza-Klein “bub-
bles of nothing” [7] since the circle pinches off at a nonzero radius, producing
a minimal area sphere. There is no spacetime inside this radius. The analog of
Kaluza-Klein boundary conditions for AdS are spacetimes with a conformal in-
finity S2× S1×R. If there were solutions with arbitrarily negative energy in this
case, it would pose a serious problem for the AdS/CFT correspondence since the
gauge theory on S2 × S1 should have a stable ground state. We provide evidence
that the energy is always bounded from below in AdS. Our solutions in which the
circle pinches off are like static bubbles.2 For small S1, one of the static bubbles
has the lowest energy among the three static solutions. We conjecture that this
solution has the lowest energy among all solutions with this asymptotic structure.
This is analogous to the AdS soliton for the T 3 case [1].
By doing a double analytic continuation on our static bubbles, we obtain a
black hole with topology S2 × S1. This should be viewed as a black string wrap-
ping the S1 of our solution with a noncontractible circle. It was shown in [8]
that, under certain assumptions, such solutions could not exist but, as we will ex-
plain, one of these assumptions is an asymptotic condition which is not physically
required and is not satisfied by our solutions.
An earlier attempt to describe gauge theory on S2 × S1 involved a double
analytic continuation of AdS and Schwarzschild AdS [9, 10]. However, in that
case the boundary metric was conformal to three dimensional de Sitter cross a
circle, and not the static space S2 × S1 × R. Although this is not relevant to our
main problem, we will review this in section 3 and point out a curious fact. The
2Although Witten’s bubble expands rapidly, static bubbles also exist in asymptotically flat
spacetime, e.g., the product of time and the Euclidean Schwarzschild metric.
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mass of the large bubble solution obtained from Schwarzschild AdS is 3/4 the
expected Casimir energy of the weakly coupled field theory. A generalization of
this solution yields a family of bubbles in which the minimum mass is precisely
equal to the energy of the weakly coupled gauge theory. We do not understand the
significance of this fact.
Before we proceed to discuss the new solutions, we note that five is the small-
est bulk dimension in which the issue of new boundary topology arises. In one
lower dimension, the CFT lives in three dimensions and the spatial geometry can
either be S2 or T 2. Hence the dual description of the ground state is either global
AdS or the the AdS soliton. However, in higher dimensions, there are even more
possibilities. For AdS7 examples, the dual CFT lives on a five dimensional space
(cross time). Only for S5 and T 5 is the dual of the ground state known. It would
be interesting to consider other possibilities.
2 Static solutions
To describe the gravitational dual of gauge theory on S2 × S1, we consider static
five dimensional spacetimes with a spatial SO(3) × SO(2) symmetry. Without
loss of generality, we can take the metric to be
ds2 = −eγ(r)dt2 + α(r)dχ2 + dr
2
α(r)β(r)
+ r2dΩ (2.1)
Einstein’s equation in AdS5 is
Gab = −Λgab = 6
l2
gab (2.2)
From the Gtt component we obtain
rβ ′(4α + rα′) + 2β(2α+ 4rα′ + r2α′′) = 4
(
6r2
l2
+ 1
)
(2.3)
while the Grr component yields
γ′ = −1
r
+
4
β
(
6r
l2
+ 1
r
)
− 3α′
4α + rα′
(2.4)
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The Gχχ component gives us
r(α′β +αβ ′)(4+ rγ′)+ 4αβ(1+ rγ′) + r2αβ(γ′
2
+2γ′′) = 4
(
6r2
l2
+1
)
(2.5)
and from the component on the S2 we obtain
r2α′β ′ + r(2α′β +αβ ′)(2+ rγ′) + 2r2α′′β +2rαβγ′+ r2αβ(γ′
2
+2γ′′) =
24r2
l2(2.6)
Subtracting (2.6) from (2.5) and substituting in (2.4) and (2.3) to eliminate γ′ and
β ′ we find
β =
rα′
(
1 + 4r
2
l2
)
− 8 r2
l2
α
r2α′2 − α(rα′ + r2α′′) (2.7)
Substituting (2.7) back into (2.3) we obtain a third order non-linear ODE for α:
64rα3α′ − 8(l2 + 4r2)α2α′2 + 4r(l2 − 10r2)αα′3 + 4r2(l2 + 2r2)α′4
+
[
8r(7r2 − l2)α2α′ + r2(4r2 − l2)αα′2 + 2r3(l2 + 4r2)α′3
]
α′′
−
[
8r2(l2 + 3r2)α2 + 3r3(l2 + 4r2)αα′
]
α′′
2
+
[
− 32r3α3 + 4r2(l2 + 2r2)α2α′ + r3(l2 + 4r2)αα′2
]
α′′′ = 0 (2.8)
Once we have solved for α, we can obtain β and γ via (2.7) and (2.4) respectively.
The integration constant in γ can be absorbed by rescaling t, so the solutions are
uniquely determined by α.
There is a three parameter family of solutions to (2.8), but only a few are
physically interesting. Suppose we want to specify initial data at the origin. Then
smoothness at the origin requires α′(0) = 0. Expanding around r = 0, (2.8)
gives a constraint between α(0) and α′′(0). This leaves a one parameter family
of solutions. But (2.8) is invariant under constant rescaling of α. This freedom
is fixed by requiring that the spacetime is asymptotically AdS, namely α = r2
l2
+
(lower order terms). This produces a unique solution in which α is positive
everywhere. This solution has topology R4× S1. Since the circle is topologically
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nontrivial, we can give χ any periodicity. So this solution exists for all S2 × S1
boundary conditions and is an AdS version of the standard Kaluza-Klein vacuum.
To construct a bubble solution in which the circle pinches off, we first pick
a radius for the bubble, r0, and require that α vanish there. Eq. (2.8) evaluated
at r = r0 now yields a constraint on α′(r0) and α′′(r0). Fixing the overall scale
again yields a unique solution for each r0. So there is a unique static bubble for
each radius. For these bubble solutions the spacetime will be regular provided we
periodically identify χ with period
s =
4π
α′(r0)
√
β(r0)
(2.9)
We will see that s is bounded from above and goes to zero for both very large and
very small bubbles. Thus these solutions exist only if the S1 is small enough. If
r ≪ l, the cosmological constant terms in the field equations are negligible. Thus
the bubbles with r0 ≪ l look locally just like static bubbles in asymptotically
flat spacetimes (i.e. time cross four dimensional Euclidean Schwarzschild) until
r ∼ l. Then the solution make a transition to their asymptotically AdS form.
The asymptotic form of the solutions can be obtained analytically. We take
α =
r2
l2
+ f(r) (2.10)
where for r ≫ l, f(r) ≪ r2
l2
. We also assume that the first two derivatives of f
fall off like powers of 1/r, i.e. r2|f ′′(r)| . r|f ′(r)| . |f(r)| for large r. We can
then solve the pair (2.7) and (2.3) to leading order, requiring also that β → 1 as
r → ∞.3 This determines α = r2
l2
+ 1
2
+ . . .. Then we define α = r2
l2
+ 1
2
+ g(r)
and continue perturbatively until we have as many terms as we desire. We find
α =
r2
l2
+
1
2
+
[
C1+
1
12
log
(r
l
)] l2
r2
+
[
C2− 7
216
log
(r
l
)] l4
r4
+O
(
l6
r6
log
(r
l
))
(2.11)
β = 1+
l2
6r2
+
1
12
log
(r
l
) l4
r4
−
[
7
216
+
4C1
3
+6C2
]
l4
r4
+O
(
l6
r6
log
(r
l
))
(2.12)
3If one simply requires that β remain finite at large r, the field equations ensure that β → 1
asymptotically.
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grr =
l2
r2
− 2l
4
3r4
+
[
85
216
+
C1
3
+6C2− 1
6
log
(r
l
)] l6
r6
+O
(
l8
r8
log
(r
l
))
(2.13)
gtt = −r
2
l2
− 1
2
+
[
4C1
3
+6C2− 11
216
− 1
12
log
(r
l
)] l2
r2
+O
(
l4
r4
log
(r
l
))
(2.14)
where the higher order terms depend only on C1 and C2. These two constants
are not constrained by the asymptotic Einstein’s equations and depend upon the
interior. A linear combination gives the mass of the solution while generic values
of C1 and C2 will not correspond to a regular solution. The logarithms in the
expansion are somewhat surprising upon first exposure but they are allowed by
the general Fefferman-Graham [11] expansion.
It is interesting that for this S2 × S1 case, the leading asymptotic behavior,
r2
l2
+ 1
2
, is half way between global AdS, r2
l2
+1, which is appropriate for the gauge
theory on S3, and AdS in Poincare coordinates, r2
l2
+ 0, which is appropriate for
gauge theory on R3.
The metric functions for the solutions are qualitatively similar as we vary the
radius of the bubble, so we just plot them for r0 = l in Figs. 1-3. For comparison,
these plots also include the static solution with no bubble in which the circle does
not pinch off. Note that gtt is essentially the same for the two solutions.
We now consider the energy of these solutions. There are various ways to
define the mass of an asymptotically AdS spacetime (see, e.g., [14, 15, 16, 17]).
The existence of logarithms in the asymptotic metric make some of these prescrip-
tions divergent, although appropriate logarithmic counterterms can be included in
a holographic definition of the energy. Here we will use the background subtrac-
tion method using our solution with a noncontractible circle as the background.
To be explicit, we adopt the definition of [18] based on surface terms in the Hamil-
tonian
E = − 1
8πG
∫
N(K −K0) (2.15)
where the integral is over a surface near infinity, K the trace of the extrinsic cur-
vature of that surface, and K0 the trace of the extrinsic curvature of an isometric
6
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Figure 1: gχχ for r0 = l bubble (dashed line) and background (solid line)
grr
r
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Figure 2: grr for r0 = l bubble (dashed line) and background (solid line)
gtt
r
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-25
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Figure 3: gtt for r0 = l bubble (dashed line) and background (solid line)
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surface embedded in the background spacetime. Using the asymptotic expansions
(2.11) and (2.12) one finds
E =
sl
4G
[5(C1 −K1) + 18(C2 −K2)] (2.16)
where K1 and K2 are the values of the two constants C1, C2 in the reference back-
ground. These coefficients can be found by numerically matching the solution
to (2.8) and its derivative to the asymptotic expansion (2.11) at large radius. Us-
ing the solution with no bubble as a background one finds K1 ≈ 0.107596 and
K2 ≈ −0.033355.4
Table 1 lists the radii, circle size5, and mass of bubbles of various sizes. For
the sake of convenience in the table we take l = 1 and G = 1. Note that there
is an upper bound on the circle size of s ≈ 3.56l in order for bubble solutions to
exist. For smaller size circles there are two bubble solutions (reminiscent of the
Euclidean Schwarzschild solutions). Small bubbles have positive mass and large
bubbles have negative mass. There is a zero mass bubble for s ≈ 2.98l. These
circle sizes tell us when we can first excite a transition to the bubble and when it
can first occur spontaneously, respectively.
For large r0, the static bubbles have s ≈ πl2/r0 and E ≈ −πr30/4Gl. These
are identical to the relations satisfied for the AdS soliton [1] (with the rescaled
volume V2 of the two translationally invariant directions taken to be 4πl2). Thus,
in a sense, our large static bubbles are approaching the AdS soliton. This is not
literally true, since the asymptotic expansion of the metric is always different. A
more precise statement is that the energy of the large bubble relative to the no-
bubble solution approaches the energy of the AdS soliton relative to AdS.
For a large circle, the only static solution is our background which has zero
energy (by definition). For a small circle, the solution with the lowest mass is
the large bubble. One can now consider all initial data with conformal boundary
S2 × S1 ×R. If there is one which minimizes the mass, it is expected to be static
4K. Skenderis has kindly informed us that using a counterterm subtraction prescription (choos-
ing a renormalization scheme where the h4 term is set to zero) one finds an energy for these
metrics of the form (2.16) with −7/36 replacing−5K1 − 18K2. This gives a nonzero answer for
the background which may be related to the Casimir energy in the dual field theory.
5The size of the circle in the bulk grows linearly with r. By “circle size” we mean the period-
icity of χ, which is the circumference of the S1 on the boundary in a conformal frame in which
the S2 has radius l.
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Bubble Size Circle Size Mass
r0 = 0.01 s ≈ 0.1552178 E ≈ 0.000252
r0 = 0.1 s ≈ 1.445971 E ≈ 0.022194
r0 = 0.2 s ≈ 2.492528 E ≈ 0.070755
r0 = 0.3 s ≈ 3.084494 E ≈ 0.118900
r0 = 0.4 s ≈ 3.325003 E ≈ 0.148915
r0 = 0.4595 s ≈ 3.562113 E ≈ 0.15425612
r0 = 0.4600 s ≈ 3.5621509 E ≈ 0.15425688
r0 = 0.4605 s ≈ 3.5621508 E ≈ 0.15425687
r0 = 0.5 s ≈ 3.345232 E ≈ 0.151825
r0 = 0.6 s ≈ 3.246060 E ≈ 0.123142
r0 = 0.7 s ≈ 3.090863 E ≈ 0.059816
r0 = 0.763762 s ≈ 2.979876 E ≈ 4.256× 10−7
r0 = 0.7637625 s ≈ 2.979875 E ≈ −1.055× 10−7
r0 = 0.8 s ≈ 2.915400 E ≈ −0.041123
r0 = 0.9 s ≈ 2.738439 E ≈ −0.182980
r0 = 1 s ≈ 2.569128 E ≈ −0.369434
r0 = 2 s ≈ 1.487450 E ≈ −5.636213
r0 = 3 s ≈ 1.021741 E ≈ −20.32700
r0 = 4 s ≈ 0.774539 E ≈ −49.14726
r0 = 5 s ≈ 0.622730 E ≈ −96.81217
r0 = 6 s ≈ 0.520356 E ≈ −168.0359
r0 = 7 s ≈ 0.446753 E ≈ −267.5320
r0 = 8 s ≈ 0.391327 E ≈ −400.0134
r0 = 9 s ≈ 0.348101 E ≈ −570.1929
r0 = 10 s ≈ 0.313456 E ≈ −782.7831
r0 = 100 s ≈ 0.031415 E ≈ −785373
r0 = 10
3 s ≈ 0.003142 E ≈ −7.85398× 108
Table 1: Bubble size, circle size, and mass of static bubbles (l = 1, G = 1)
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[12, 13]. Since AdS/CFT suggests that the energy is bounded from below, and
we have found all static solutions with the expected symmetries, we are led to the
following conjecture:
Conjecture: Consider all five dimensional solutions to Einstein’s equation
with negative cosmological constant and conformal boundary S2×S1×R. Their
energy is always greater than the lowest energy of the static solutions with the
same size circle s.
To test this conjecture, one can consider time symmetric initial data with
SO(3) × SO(2) symmetry. In this case, the only equation that has to be sat-
isfied is the scalar constraint (2.3). One can pick α arbitrarily and solve for β.
This gives a large class of bubble solutions. We have examined a variety of such
solutions, trying to find ones with arbitrarily negative energy analytically, or with
energy smaller than the static solutions numerically. All such attempts have failed.
In particular, consider truncating α to its simplest expression consistent with the
static asymptotics:
α(r) =
r2
l2
+
1
2
+
1
12
log
(r
l
) l2
r2
+ C1
l2
r2
(2.17)
Solving C1 for α(r0) = 0 we find
α(r) =
r2
l2
− r
4
0
l2r2
+
1
2
(
1− r
2
0
r2
)
+
1
12
log
( r
r0
) l2
r2
(2.18)
and hence α > 0 for r > r0. As one varies r0 one finds a continuous family
of solutions. The free parameter in the solution for β can be used to keep the
size of the circle at infinity fixed. Let us consider in particular a circle size at
infinity of s = 1.021741l, which corresponds to a static solution with r0 = 3l.
The energies of the resulting solutions are shown in Fig. 4. One can see that none
of these solutions have energy less than the static bubble. The minimum energy
is approximately at r0 = 3.0015l with a value E ≈ −20.32680 l2G , approximately
10−3 percent higher than the static solution.
If we take any static bubble of radius r0 and analytically continue χ = iτ and
t = iy we obtain a black hole solution
ds2 = −α(r)dτ 2 + eγ(r)dy2 + dr
2
α(r)β(r)
+ r2dΩ (2.19)
10
Er
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40
Figure 4: Energy for solutions (2.18) (solid line) and static solution (dashed line)
for s = 1.021741
The horizon is at r = r0 and has topology S2×S1. This is a black string wrapping
the circle of our background. Since the inverse temperature of this black string is
s, it is clear from Table 1 that the temperature is bounded from below, just like for
spherical black holes in AdS.
It was shown in [8] that there are no black holes in spacetimes with infinite
fundamental group and negative cosmological constant, given what appears at
first glance a minor restriction on the asymptotics. The black strings we have
described demonstrate that this restriction, while a useful technical condition for
the arguments made in [8], is not required physically. The previously assumed
asymptotics (“condition S”) stated the following. Let hij be the metric on a static
surface divided by α. Consider the surfaces of constant α (for large α). Then
their extrinsic curvature (with respect to the metric hij) cannot have eigenvalues
of different sign. In our case this is an extra condition on the coefficients C1 and
C2. One can check that our black hole solutions, which are otherwise reasonable,
simply do not satisfy it. In fact, there is an important physical reason why these
black holes should exist: they describe the high temperature phase of the dual
gauge theory on S2 × S1.
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We conclude this section with a few specifics about the numerical work. Recall
that the equation for α (2.8) is scale invariant. For the solution in which α never
vanishes, we can divide by α4 and reduce the third order ODE to a second order
one by a substitution α = e
∫
drλ(r)
. In general, however, it is simpler to assume the
form α = µ(r)e
∫
drν(r) where µ vanishes linearly at the bubble radius (provided
a bubble is present) and goes as r2
l2
as r → ∞ so that ν need not diverge. For
bubbles not too large we define u = r
l
and take
α(u) = µ(u)e
∫
∞
u
dx
γ(x)
x5 (2.20)
where
µ(u) = u2 +
1
2
−
(1
2
+
r20
l2
)(r0
lu
)10
(2.21)
providing a smooth interpolation between the known behavior at large radius and
small radius. For large bubbles it is handy to define ǫ such that
r = r0(1 + ǫ) (2.22)
so ǫ = 0 corresponds to the bubble radius and for ǫ≫ 1 we are at many times the
bubble radius. Then define
α(ǫ) = µ(ǫ)e
∫
∞
ǫ
dx
ω(x)
(1+x)5 (2.23)
where
µ(ǫ) =
r20
l2
(1 + ǫ)2 +
1
2
−
(1
2
+
r20
l2
) 1
(1 + ǫ)10
(2.24)
For the no bubble solution we take
α(u) = µ(u)e
∫
∞
u
dx x
1+x6
ν(x) (2.25)
where
µ(u) = u2 +
1
2
+
log u
12u2
(
1− 7
18u2
) u20
1 + u20
(2.26)
The log term above incorporates the first two log terms in the asymptotic expan-
sion of α.
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3 Generalizing the Witten AdS bubble
The AdS analog of Witten’s expanding bubble solution can be obtained from a
double analytic continuation of the Schwarzschild AdS metric and is given by
[9, 10]
ds2 = α(r)dχ2 +
dr2
α(r)
+ r2[−dτ 2 + cosh2 τdΩ] (3.1)
where
α =
r2
l2
+ 1− a
2
0
r2
(3.2)
The bubble radius, r0, is the radius where α vanishes. The coordinate χ must be
periodically identified and we avoid conical singularities if we require the period
to be
s =
2πr0l
2
2r20 + l
2
(3.3)
The asymptotic metric is (conformal to) de Sitter cross a circle. Since this
metric is time dependent, there is no conserved energy. We will consider the
energy on the time symmetric surface τ = 0. This energy, defined via background
subtraction relative to the analytically continued AdS (i.e. a0 = 0) is
E = −sr
2
0(l
2 + r20)
4l3G
(3.4)
Inverting (3.3) to find the size of the bubble for a given size circle at infinity, there
are two solutions with radii
r0 =
l
2s
[
πl ±
√
π2l2 − 2s2
]
(3.5)
provided s ≤ πl/√2, i.e. provided the circle size is small enough. For small s,
the small bubble has r0 ≈ s/2π and ESchwarz ≈ −s3/16π2lG whereas the large
bubble has
r0 ≈ πl
2
s
(3.6)
and
ESchwarz ≈ − l
2π4
4G
(
l
s
)3
(3.7)
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The bubble with larger radius clearly has more negative energy. We now consider
a generalization of these bubbles.
We wish to consider time symmetric initial data with a S1×S2 symmetry and
hence may take the metric
ds2 = α(r)dχ2 +
dr2
α(r)β(r)
+ r2dΩ (3.8)
The only constraint (4R = −12
l2
and given explicitly in (2.3)) is a first order equa-
tion for β and hence for the same choice of α (3.2), there is a one parameter family
of solutions for β
β = 1 +
c1
3 r
4
l4
+ 2 r
2
l2
+ 1−k
2
3
(
3 r
2
l2
+ 1− k
3 r
2
l2
+ 1 + k
) 1
2k
(3.9)
where k =
√
1 +
3r20
l2
(
1 +
r20
l2
)
. We can then solve for this c1 in terms of the size
of the circle χ at infinity via (2.9) and hence obtain a solution for any size circle
we like. The energy of these solutions, again defined via background subtraction
in comparison to continued AdS, is
E = − r
2
0s
4lG
[
1 +
r20
l2
+
2
3
(
3
r20
l2
+ 1 + k
3
r20
l2
+ 1− k
) 1
2k
(
4π2r20
s2(2
r20
l2
+ 1)
− 1− 2r
2
0
l2
)]
(3.10)
In particular, let us consider the above solutions for small circles (s ≪ l). Let us
examine them for small, intermediate, and large size (r0) bubbles. If r0 = O(l)
then E = O( l3
sG
). For small bubbles (r0 ≪ l)
E ≈ r0s
3
3
2G
(
1− 4π
2r20
s2
)
(3.11)
which has a relative maximum at
r0 ≈ s
2π
√
3
(3.12)
with a value
Emax ≈ s
2
27πG
(3.13)
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For large bubbles (r0 ≫ l)
E ≈ r
2
0s
12lG
(r20
l2
− 4π
2l2
s2
)
(3.14)
which has a minimum at
r0 ≈
√
2πl2
s
(3.15)
and a minimum energy
Emin ≈ − l
2π4
3G
(
l
s
)3
(3.16)
This is clearly the minimum energy of all these solutions when s is small. Intrigu-
ingly, the energy of the analytically continued Schwarzschild solution (3.7) is 3/4
the energy of the new solutions. The energy of a large Schwarzschild bubble
agrees with the energy of the AdS soliton which was shown in [1] to be precisely
3/4 the Casimir energy of a weakly coupled N = 4 super Yang-Mills theory.
This factor of 3/4 has the same origin as the famous factor of 3/4 relating the
Hawking-Bekenstein entropy of a black three-brane to the entropy of the weakly
coupled gauge theory [19]. The minimum energy of the new solutions is now
seen to agree precisely with the Casimir energy of the gauge theory6. We do not
know if this is just a coincidence or a hint of a deeper significance of these new
solutions. Since there is a much larger family of solutions with time symmetric
initial data of the form (3.8) (obtained by varying α and solving the constraint for
β) the one parameter family we have considered here do not appear very special.
In particular, the solution with minimum energy in this family cannot be static
because we saw in the last section that all static solutions have gχχ ≈ r2 + 1/2
asymptotically. However, this issue deserves further investigation.
Finally, we note that for fixed asymptotics, the new solutions have small pos-
itive mass for a small enough bubble (matching the expectation that for small
bubbles the cosmological constant is negligible) while for very large bubbles the
mass eventually becomes positive and large. This supports the idea that bubbles
in AdS have a minimum mass (for fixed circle size).
6The Casimir energy density of super Yang-Mills on S1×S2 should agree with S1×T 2 when
S1 is small.
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